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Abstract

This paper investigates the mechanical behaviour of a system consisting of two coupled impacting unimorph
piezoelectric cantilever beams, where the whole system is subjected to a harmonic base excitation, for energy
harvesting. The system is modelled as in-extensional beams with Euler-Bernoulli beam theory. The curvature
term is assumed to be nonlinear due to large amplitude vibrations. The governing equations of motion are
derived using the Euler-Lagrange equations. The reduced-order model equations (ROMs) are obtained based
on the Galerkin method. A parametric study is performed to reveal the influence of different parameters such
as clearance between beams, coupling spring constant, damping ratio and external resistance load on the
scavenged power from the nonlinear energy harvester. It is shown that the power generated by the coupled
impact system due to nonlinear vibrations is sensitive to the thickness ratio of the beams and piezoelectric layers,
and the clearance between the beams. In addition, the effect of the external resistance load on the average
power is discussed for three types of systems: 1) a system which consists of two beams without impact, 2) a
system which consists of two beams with impact, and 3) a system which consists of a single beam. The optimum
value of the resistance load is obtained for each system, and it is shown that higher power is harvested by a
system consisting of two beams with impact than other two systems.
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In last few years, the requirement for harvesting energy from ambient vibrations of natural
environments, such as air flows and human motions, which are available everywhere and all the
time, has gained impetus among many researchers. One main purpose of these researches is to
power small electrical components such as batteries and capacitors, with no need of replacement,
especially at less accessible locations. Researchers are working on alternative energy sources such as
solar, acoustics, thermal, and vibrations [1,2]. Among these alternative sources, environmental
vibration energy harvesting has become a prominent research endeavour, owning to its potential
and technical challenge, and because of its abundance[3, 4]. The ambient mechanical vibration
energies can be converted to useful electrical energy by using electromagnetic, electrostatic,
piezoelectric [2,5-8]and magnetostrictive [9,10] methods. Among these transduction methods,
piezoelectric energy harvesting from cantilever beams; owing to its easy application; has been widely
focused in the literature [11-13].The main problems associated with this vibrational energy harvester
systems are in their conventional form. The problem is that the harvested power drops significantly
when the excitation frequency slightly deviates from the natural frequency of the system. Meantime,
broadening bandwidth to adjust vast frequency vibrations usually results in a decrease in the
Q-factor. The other problem is the incompetent low frequency energy harvesting. Shifting the
resonant frequency to adjust lower vibration frequency usually accompanies a decrease in the
Q-factor, and consequently, a drop in the harvested power [12,14]. In order to solve those problems
and improve the performance of the energy harvesters, many experiments have been conducted. A
way to attain a wideband vibration energy harvesting and keeping high Q-factor simultaneously is
introduced, for example, by using non-linear spring [15,16], and bistable spring [17-19]. In addition,
there are many researches on adjusting the vibration characteristics of an energy harvester by tuning
the excitation frequency. These include added masses [20,21], mechanical preloads [22] and varying
the geometrical parameters of the structure [23]. Naguyen et al. [15] fabricated and modelled a
wideband MEMS electrostatic energy harvester by utilizing nonlinear spring to broad the frequency
range. They experimentally concluded that the vibration energy harvester exhibit a strong softening
spring effect. Furthermore, they showed that the vibration energy harvester with softening spring
increases the bandwidth and also scavenges more output power than a linear energy harvester. In
addition, they have carried out numerical analysis to confirm that the softening springs are reliable
for broadening the frequency ranges. Barton et al. [16] investigated a nonlinear electromagnetic
energy harvesting device that has a broad resonance response by considering a nonlinear cubic force
in boundary conditions. They concluded that the benefit of using a nonlinear energy harvester is the
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presence of a super-harmonic resonance at frequencies well below the
linear natural frequency. Ferrari et al. [17] designed and tested a
nonlinear bistable piezoelectric converter for vibration energy
harvesting from environment. Their analysis and simulations showed
that utilizing a nonlinear bistable energy harvester enhance
performance of the system under wideband excitation frequency with
respect to the linear systems. Their experimental tests were performed
by measuring both the beam displacement and output voltage under
random excitation in different degrees of nonlinearity added to the
system. They have concluded that the output voltage at equality of
mechanical excitation remarkably improved when the system has
become bistable. Panyam et al. [24] studied analytical techniques to
predict the oscillatory response characteristics of bi-stable vibratory
energy harvesters. They investigated the influence of the three
parameters, such as, time constant ratio, electromechanical coupling,
and potential shape, on the effective bandwidth. They concluded that
the frequency bandwidth can be increased simply by increasing the
amplitude of the excitation frequency, also they concluded that the
influence of the constant ratio is not considerable on the effective
bandwidth. In addition, they concluded that the influence of the
electromechanical coupling is significant where increasing the
electromechanical coupling results in the narrowing of the effective
bandwidth. Jiang et al. [20] investigated the performance of a
piezoelectric bimorph in the flexural mode for energy harvesting
from ambient vibrations. They analytically concluded that the output
power density initially increases, and reaches to a maximum value,
and then monotonically decreases with increasing resistance load.
Impact is presented and modelled in different ways and for different
purposes in vibration energy harvesting systems. Impact with end
stop that limits the displacement of the beam where the impact non-
linearly broadens the frequency range [25-27]. Soleiman et al. [25]
designed a new architecture for wideband vibration-based Micro
Power Generators (MPGs). The new system architecture replaces the
standard linear oscillator with a piecewise linear oscillator to harvest
environmental vibrations. They theoretically and experimentally
concluded that the new architecture increases the bandwidth of the
MPGs during an up-sweep compared to the traditional MPG. Julin
Blystad et al. [26] investigated the effect of the stoppers and power
conversion circuitry on the performance of an energy harvesting
system subjected to harmonic and wideband excitations. They
concluded that frequency sweep with constant excitation amplitude
resulted in nonlinear behaviour of the transducer which shows jump
phenomena at certain frequencies. In contrast to harmonic excitation,
wideband excitations give a considerable output power sensitivity to
stopper loss which means that design of energy harvester subjected to
the wideband excitation will benefit by minimizing the stopper loss.
Many researches were conducted to increase the deformation of
piezoelectric material and consequently the output power by utilizing
impact associated with piezoelectric transduction in vibration energy
harvesters [28-30]. Umeda et al. [28] investigated the fundamental of
a generator which transforms the mechanical impact energy to
electrical energy by utilizing a piezoelectric material and a steel ball.
They concluded that the spectrum of the output voltage is changing
by resistance load, and there exists an optimum value for resistance
load in which the output voltage reaches to its maximum value.
Haroun et al. [31] investigated an electromagnetic energy harvesting
based on Free/Impact Motion (FIEH) and Similar Conventional
Form (CEH). In FIEH, a permanent magnet mass is permitted to

move freely within a certain distance inside a frame which carrying an
electrical coil and makes impact with spring and stops. Their
simulations and experimental results showed the superior
performance of FIEH at low frequency. Vijayan et al. [32] investigated
the possibility of similar effects within a non-linear system. A system
consisting of two beams with a localized non-linearity induced by an
impact was modelled theoretically to explore the effect of frequency
up conversion on the power generated from the harvester. They
found optimum values of physical and electrical constants such as
thickness ratio of the beams, external resistance load and the
clearance. Based on the literature, utilizing nonlinear properties of
energy harvesting system can significantly affect the average
scavenged power over a broad frequency range. It can be found out
that there are few researches in the literature that have presented
comprehensive investigation on two coupled impacting piezoelectric
beams, as an energy harvester, in the presence of geometric
nonlinearities. This study attempts to provide a complete dynamical
model for an energy harvester system, comprised of two coupled
impacting piezoelectric cantilever beams, by considering the
geometric nonlinearities of the beams. It is assumed that the beams
undergo large amplitude vibrations. The aim of this study is to harvest
energy at low excitation frequencies. The effect of different physical
parameters such as, clearance between beams, coupling spring
constant, thickness ratio of the beams and piezoelectric layers,
mechanical damping ratio, and also the effect of the external resistance
load for three different types of the systems: 1) a system which consists
of two beams without contact, 2) a system which consists of two
beams with impact, and 3) a system which consists of a single beam
are investigated. This paper reports theoretical and numerical
investigations for the considered nonlinear energy harvester.

Methods

Electro mechanical Equations of the coupled impacting
beams

For energy harvesting, a system consisting of two nonlinear
cantilever beams and an attached unimorph piezoelectric patch for
each beam is considered where whole system is excited harmonically
through the base. The governing equations of motion are obtained
based on the Euler-Bernoulli beam theory and the shear deformations
are ignored due to the large length-to-thickness ratio of the beams.
The relations between displacement and curvature are supposed to
be nonlinear due to the large amplitude vibrations. To include the
complete contribution of the piezoelectric patches in the system
dynamics, the effect of the mass and the inertia of the piezoelectric
layers are considered in the proposed model.

(Figure 1) depicts the considered nonlinear energy harvester that
consists of two unimorph piezoelectric cantilever beams. The beams
are of length L, and thickness Iy ; and the piezoelectric layers are
of length L  and thickness t pi where i indicates the number of the
beams and piezoelectric layers. The width of the piezoelectric layers
and the beams are equal w,; =w,,. The whole system isiubjected to
a harmonic base excitation, z (l) =z, sin (a)et) ,where "0 and w, are
excitation and frequency amplitudes, respectively. The transverse and
axial displacements are denoted by v, (s,t ) andu, (s,t), respectively,
where s denotes the distance along the neutral axis of the beams. For
the sake of simplicity, it is assumed that the beams have a uniform
mass distribution. The total kinetic energy of the system is composed
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Figure 1: A schematic of a nonlinear energy harvesting system. (a)
Piezoelectric cantilever beams with unimorph configuration under
translational base excitation Z(t ) (b) The corresponding electrical circuit
with a dependent current source, (c) the cross section of the piezoelectric
cantilever beam #1 (thin beam), (d) the cross section of the piezoelectric
cantilever beam #2 (thick beam).

of the kinetic energies of the cantilever beams, and piezoelectric
patches. The kinetic and potential energies of the piezoelectric
cantilever beams is defined as [33-35]:

Tm:%(/&,A,,,)j:[%(%L‘V,'zds)z+(\>,+z') }dwz(p,, i J [ v ds (v +2 ]d (eq 1)

where A4,; and A4,, Priand Ppiare cross sectional areas, mass
density of the beams, and the piezoelectric layers, respectively and
dot denotes the derivative with respect to . The total potential energy
of the system is composed of the strain and gravitational energy of the
piezoelectric beams, and the potential energy of the coupling spring,
and is given by:

U, = ;Emlmj[ (1+v, ):|ds+ pj[ (1+7)]ds

+pb,gj 1) +2(1) +Pp,gf s,t)+2(1))

+%kc(v2(Lh,t)—v,(Lh,t)—ci)zu(vz(L,,,t)—v,(L,,,t)—ﬁ)
(Eq.2)

where Ej; and £,;, I, and I,,and U ., are Young’s modulus
and the area moment of inertia of the beams and the piezoelectric
layers, and the potential energy of the coupling spring which is
obtained in the following, respectively. g is the gravitational constant.

In this study, the piezoelectric material is used to convert the
mechanical bending strain into the electrical charge. Piezoelectric
beams as energy harvesters, are modelled in different shapes and
configurations. Depending on the piezoelectric patch configuration,
they are categorized as either unimorph or bimorph. In the current
study, the considered piezoelectric cantilever beams are in the
unimorph configuration.

It is assumed that the continuous electrodes that cover top
and bottom of the thick and thin beams, respectively, where the
piezoelectric element is located, are perfectly conductive. Therefore,

the induced electric field in the piezoelectric layers is supposed to be
uniform through the beams. Suppose the piezoelectric element layers
are in either unimorph or bimorph configuration. From the previous
published papers one may obtain the following electromechanical
equation [33-35]:

R

10) 2 g (1 j
=_ S 1T+=v. d Eq. 3
l+ Z!n H+2u v (Eq.3)

i=1

where C,=C, +C,,

The reduced-order model

To obtain the reduced-order model of the electromechanical
equations of motion,the Galerkin discretization method is utilized,
and the transverse displacement of the beams is approximated as [36]:

Z% (eq. 4)

where (pj( ) is the Eigen function of the cantilever beam, as
a comparison function, and ¢, () is the associated time-varying
generalized coordinates. By considering one-mode approximation,
Eq. [35] reduces to:

v (00)=0,(x)q, (1) (eq.5)
v (x.0)=0,(x)q, (1) (eq6)

where 2 in subscripts of the ¢,(¥)and g, (t) in Eq.6 does not
indicate the second mode, and these are independent from of ¢, (x)
and ¢ (t ) , respectively. ¢ (X) and ¢, (x) can be obtained by solving
the eigen value problem of an undamped cantilever beam, and are
introduced in the [33-35].

By substituting Eqs.5 and 6 into Egs. 1, 2 and 3 one may obtain
the following reduced order electromechanical equations as:

k). K 5k ) )
[1+;;412]ql+&,lzq.+2§w Ly =g’ +;qlql *;ZV( )*qufV(f)

k. ks kg ..
_*L(k7ksqz —kgq, _5)“(1‘77‘]2 —kya, _5)"'*5"'*62 =0
k, k, 2
(Eq.7)
k. k, k. 0,
1+*"qzjii +0,)"q, + 250,54, + 0, + 4,4, -V (1)
[ ko )7 * ke T ke Tk
_ﬁqsz(t)_ k( (k7zq2 —ksksg, —5)u(k7q2 —ksy _5)+h+kii =
kyg ko ko ks (qu)

where § denotes the viscous damping coefficient, and coeflicients
ki_i 14 are defined as follows:

k= py4,N, +pp1Ap1N4
kz = pblAblNZ + pplAplNS
ky=4(N,+N,5)
k,=2(N,+Ny)

ks = 0, &N, +pplgN18
ke = Py, N, +pp1Ap1N6
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k7 :st
ks :N26

ky = Py, AN, + ppzApleo

ki = Py Ay, Ny + pp2Ap2N11

k11 = 4(N19 +Nzl)

klz = 2(Nzo +N22)

ks = Py8Ny; + pngN24

ki, = Py Ay, Ny + ppZApZNIZ (Eq. 9)
The natural frequency of the beams (i.e. w_), can be evaluated

by dropping the nonlinear terms and neglecting the mechanical

damping ratio and for short circuit conditions (i.e. R, -0), as follows:

.k, k,
Q+k—q=0:>0’n1= - (Eq.10)
2
k
G+ 0w, = [
kg © Ak

(Eq.11)

By substituting Eqgs.5, and 6 into Eq.4 and using 01 4 (see the

Appendix) the electrical circuit equation reduces to:
dv(t) V(¢
¢ 0, 70
R
The average power that is scavenged between times t and t, can

be evaluated by:

t 2
Pave = Lj'ﬂdt
L=t Rz

1
1

= 7[91‘}1 + qulqu + ezqz + 04qzzqz (Eq.lZ)

(Eq.13)
Numerical Results and Discussions

In this section, the numerical results are presented. The numerical
simulation results are obtained by using ode 45 in MATLAB software.
The numerical simulations are performed for the case study of
PZT-5A and PZT-5H, for which physical properties and electrical
constants are listed in Table 1.

Figure 2 investigates the influence of the beams length on the
impact force of the coupled impacting beams for physical and
electrical parameters of the Table 1. The clearance, coupling spring
constant, length of the piezoelectric layers #1 and #2 were fixed at
8=15 mm, k=10"N/m, L, = L, =10mm, respectively. The excitation
frequency is considered to be equal to corresponding primary
resonance frequency of the system for each value of the beams length.
It is seen that for some range of beams length, the beams do not have
contact with each other and impact does not occur in the system,
and for other values of the beams length, i.e. L, >90mm the beams
begin to contact with each other and impact happens between them.
It can be seen that as the beams length increases the amplitude of the
contact force is increased. It is worthy to note that further analysis is
carried out by considering Z, =300mm as the length of the beams.

Figure 3 Depicts the time history of the contact force for
different values of the clearance §, and for external resistance load of
R, =U2M , base acceleration 9.81m/s?, mechanical damping ratio
& =0.5%, Excitation frequency @ _ e =3.08 Hz, which is equal to

resonance frequency of the thick beam, and the coupling constant of
k :500% , the length of the piezoelectric layers of L, =100mm
,and L, =150mm . Because the purpose of this paper is to study
energy harvesting from impacting beams, so, it is important to
identify when and for what values of the clearance impact occurs
between the beams. According to Eq.2 the contact force occurs when
the clearance between beams § is less than the relative displacement
( Y, = yl) . As it is seen when the clearance is more than §>470 mm the
impact does not occur between the beams and each beam behaves
independently. It is seen that for small values of the clearance, the
amplitude of the impact force is larger than the large values of the
clearances. In addition, it can be seen from the first column of the
Figure 3, the system would have chaotic or periodic behaviour when
the impact occurs and does not occur in the system, respectively.
The results are obtained using the zero initial conditions for the tip
displacements and velocities.

Figure 4 illustrates a parametric study on the tip displacement
of the beams which was carried out using a sine sweep across a
frequency range for the base acceleration, the coupling spring
constant, and clearance between beams fixed at 107/, | = 4005,
, and =10 mm respectively, while the external resistance load 1s
varying simultaneously. A sine sweep in excitation frequency and
external resistance load was carried out from 0 to 8 Hz, and 0.1 to 3
MQ, respectively. It can be observed that the maximum amplitude

Table 1: Geometry and material properties of the studied piezoelectric energy
harvester.

Symbol and value Description

L,=100 mm Length of the beams

w,, =15 mm Width of the thin beam

w,,=20 mm Width of the thick beam
t,,= 0.5 mm Thickness of the thin beam
t,, = 0.5 mm Thickness of the thick beam
t,=0.4mm Thickness of the PZT-5A
t,=0.4mm Thickness of the PZT-5H
E,, =110 GPa Young’s modules of the thin beam
E,,= 105 GPa Young’s modules of the thick beam
E, =61GPa Young’s modules of the PZT-5A
E,,=60.6 GPa Young’s modules of the PZT-5H

P 7320 kal m?® Mass density of the thin beam
= g m

Pi = 9000 kg/ m? Mass density of the thick beam

Py

1 Mass density of the PZT-5A
= 7750 kg/ m®

== 7500 ka/ m?® Mass density of the PZT-5H
"'7nlvr: g m

d, =177
dy’ =—274P%
S _ nF
&l =13.3nL/

&, =25.55nF,

PZT-5A constant

PZT-5H constant

PZT-5A permittivity

PZT-5H permittivity
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Figure 2: The impact force duration of the coupled impacting beams for different values of the beams length (a) L,= 70mm, (b) L,= 80mm, (c,d) L,= 90mm, (e,f)

4 8 6 7 & &

for each beam occurs at the excitation frequency of @, =3.01Hz
which is close to primary resonance frequency of the thick beam.
In addition, the value of the external resistance load in which the
maximum amplitude of beam #1, and #2 occurs is 2.8 M, and 2.23
MQ respectively. Since the response of the system is relatively high
near the resonance frequency of the thick beam, i.e.®, =3.08Hz,
further analysis is carried out for the base excitation of the system at
this frequency.

Figure 5 depicts the influence of the clearance on the maximum
average output power and the tip displacements of the beams,
corresponding to the parameters and loading conditions of Figure
3, and for the coupling constant of k= 400N/, while the external
resistance load is varying simultaneously. As it can be seen, the
maximum power and tip displacements occurs for the small range of
the clearances where the impact possibility is high and amplitude of
the impact force between the beams is large, as discussed in Figure 3.
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Figure 3: Impact force duration of the coupled impacting beams for three different values of the clearance, (a,b) § =15mm, (c,d) & =300mm, (€) & =470mm .
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Tip displacement of the beam #1 [m]

Resistance [Q] Excitation frequency [Hz]

Figure 4: The stepped sine responses of the, (a) thin beam (beam #1), (b) thick beam (beam #2) with respect to external resistance load, for the base acceleration,
the coupling constant, and clearance between beams at, 10%1 , k :400% and & =470mm , respectively.

(b)

T
I

Tip displacement of the beam #2 [m]

15

Excitation frequency [Hz] Resistance [Q]

As it is seen the maximum average output power produced by large
amounts of the clearance (§>76 mm) is less sensitive to clearance, and
the maximum value of the average output power occurs at §=46mm
and R, =BM , and is equal to 20 mW.

Figure 6 depicts the influence of the clearance and coupling
constant on the maximum average output power, corresponding
to the parameters and loading conditions of Figure 3, and for the
external resistance load of R, =QW8M , and the base acceleration

level of 1”/ » » while they are varying simultaneously. As it is seen
the maxinum average output power is equal to 35.4 pW and occurs
at §=35 mm and k, = 240.8N/ . In addition, it can be seen that the
produced output power is less sensitive for §>60 mm and for all values
of the coupling constant. Also the influence of the base acceleration
can be found by comparing the Figure 4c and Figure 5 where it can be
seen that by increasing the value of the base acceleration from 1"/ > to
9.817/, , the maximum average output power remarkably increases
and chgnges from 35.4 pW to 20 mW.

Tip displacement of beam #1 [m]

Resistance Q]

0.025

0.02

0.015 4"

PﬁVe[Vv]

0.005 <"

Resistance [Q]

i = N,
the coupling constant & =400 /n .

Figure 5: Influence of the clearance on (a) tip displacement of the beam #1, (b) tip displacement of the beam #2 and (c) the maximum average output power, for

3 [m]
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k IN/m] 5 [m]

Figure 6: Influence of the clearance and coupling constant on the maximum
average output power.

Figure 7 shows the influence of the plezoelec&slc layers length
on output power while the excitation frequency ¢ is varying, for
system parameters 0=15 mm, k, = 10° N/, and the base acceleration
oflg where g=9.81 m/s?, and external fesistance load of R, =U2M
. In addition, the mechanical damping ratio § is considered to
be equal to 0.5%.Also, in Figure (7a) and (7b) the length of the
piezoelectric patches #1 and #2 are considered to be Ly, =100mm
and L, =150mm , respectively. It is seen that, the maximum output
power for both Figure (6a) and (6b) occurs for @, = 3.034Hz which
is close to primary resonance frequency of the thick beam. The value

of the maximum average output power is equal tol9 mW and 37
mW and occurs at L, =76mm andL, =66mm, respectively.
Figure (7c) shows the 1nﬂuence of the plezoelectrlc layers length
on output power, while varying simultaneously, where considering
the excitation frequency of the system is equal to the resonance
frequency of the thick beam o, = @,,, =3.08Hz. As it is seen the
value of the maximum output power is equal to 34 mW and occurs
for the piezoelectric lengths of L, =70mm and L, =136mm .Itis
worthy to note that in the followmg L, =70mm ,ZL p, = 136 mm
L, =136mm , and R, =U2M are used as values of the length of
the piezoelectric patch #1 and the length of the piezoelectric patch #2,
and the external resistance load, respectively.

Figure 8 shows the tip displacements and maximum average
output power of the piezoelectric cantilever beams for three different
coupling spring constants of 400 N/m, 800 N/m, and10°N/m,and for
the clearance of 6=15 mm, while varying the excitation frequency
near the primary resonance frequency of the thick beam. It is seen
that frequency response curves are tilted to the right, which represents
a hardening behaviour. Corresponding to the specific values of the
excitation frequency, there exist two stable solutions and for some
values of the excitation frequency there appears one unstable solution,
and below a critical value of excitation frequency there just exists one
stable solution in the system. Furthermore, bifurcation can occur in
the system due to the existence of the stable and unstable manifolds
in the frequency response curves of the system. As it can be seen, for
instance for the value of the coupling spring constant of, k=800 N/m,

(a)

Excitation Frequency [Hz]

Excitation Frequency [Hz) 00 Lplm]
)

and base acceleration of 107/,
s

Lpfml Lp (ml

Figure 7: Influence of (a) length of the piezoelectric #1, and (b) length of the piezoelectric #2 on output power with respect to excitation frequency, and (c)
influence of the piezoelectricl}yers length on maximum average output power for excitation frequency of, and the system parameters of 5 =15mm , k, =10° %
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Figure 8: (a) Tip displacement of the beam #1, and (b) Tip displacement of the beam #2, and (¢) maximum average output power, for three different values of the
800% and, 10° % and clearance o = 15mm .
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Figure 9: (a) Tip displacement of the beam #1, and (b) Tip displacement of the beam #2, and (c) maximum average output power, for three different values of the

the stable branches meet the unstable one at fold bifurcation points
A,B, for which depending on the initial conditions, the response may
lay on either the stable or unstable branches. In addition, forward
and backward frequency sweeps result in jumps and hysteresis
phenomena in the response. For instance, for value of the coupling
constant as k=800 N/m, a forward sweep passing point A results in
a jump to the lower stable branch, and a backward sweep passing
point B results in a jump to upper stable branch. As it is seen, the
maximum stable amplitude for three different values of the coupling
spring constant is close to each other, and the maximum average
output power is less sensitive for value of the coupling constant, and
increasing the value of the coupling spring constant does not affect
the locus of the bifurcation points.

Figure 9 depicts tip displacements of the beams and maximum
average output power versus excitation frequency for three different
clearance of 5 mm,15 mm, and100 mm, and the coupling spring
constant fixed at k=10°N/m, while varying the excitation frequency
near the primary resonance frequency of the thick beam. It can be
seen that the nonlinearity shifts the frequency response curves away
from the frequency that can be predicted by a linear model, and
frequency response curves are titled to the right, which represents

a hardening behaviour. Nonlinear resonance frequency for three
different values of the clearance between beams, 5 mm, 15 mm,
and100 mm, occurs at 3.158 Hz, 3.148 Hz, and 3.044 Hz, respectively,
and the corresponding maximum average output powers are equal to,
18 mW,16.8 mW, and 15.7 mW, respectively. As it is seen reducing
the value of the clearance increases the possibility of impact between
the beams, and it results in increasing the maximum average output
power. It can be observed that increasing the value of the clearance
alters the locus of bifurcation points and hysteresis region, and shifts
the locus of the bifurcation points to the left.

Figure 10 depicts the influence of the external resistance load
on maximum average output power for three different systems.
Figure (10a) shows two types of systems i.e. a system by considering
two beams in which the clearance between beams is considered to
be §=500 mm which as discussed in Figure 3 for this value of the
clearance, the beams do not have contact with each other and they
behave independently, and finally by considering that the system
has only a single beam. Figure (10b) shows a system that consists of
two coupled impacting beams. The maximum average output power
is plotted with respect to external resistance load for two different
values of the clearance between beams. To ensure that the beams are
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Figure 10: Influence of the external resistance load on (a) two beam with & =500mm and a single beam, and (b) two impacting beams for two different values
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in contact, the clearances between beams is considered to be =5 mm
and 6=15mm. It can be observed that the maximum average output
power is equal to 2.5 mW and 3.4 mW for the two beams, with §=500
mm for a single beam, respectively, and the external resistance load
in which the maximum average output power occurs is equal to 1.147
MAQ. It is seen that the maximum average output power for a system
that has a single beam is more than a system that is consisted of two
beams with no contact. It follows from the figure that the influence of
the impact between beams is significant. As it is seen, the maximum
average output power is equal to 34.67 mW and 31.26 mW for two
different values of the clearance of §=5 mm and §=15mm, respectively,
and occurs at the external resistance value of the 0.3 MQ and 0.4 MQ,
respectively. As it is seen, the low value of the clearance and occurring
impact in the system remarkably increases the value of the maximum
average output power. In addition, the external resistance load where
the maximum average output power happens is shifted to the left.

Figure 11 illustrates the influence of the thickness ratio of the
beams and piezoelectric layers on the scavenged power. The coupling
spring constant and clearance between beams are fixed at k=10°N/m,

and 6=15 mm respectively. In this figure z,, and z, are defined as
thickness ratio of the beams and piezoelectric layers, respectively.
This study is carried out for the thickness of one beam and one
piezoelectric patch fixed at 0.25 mm and 0.2 mm, respectively. Figure
(11a) and (11b) are plotted for z,=1.5 and z,=2.73, respectively. As
it is seen the maximum average output power is equal to 36 mW
and 24 mW and occurs at z,=2.73 and z,=2.79, respectively, and the
corresponding excitation frequencies in which the maximum average
output occurs are 2.48 Hz and 3.72 Hz, which are close to primary
resonance frequency of the thick beam for each system.

Figure 12 investigates the effect of the mechanical damping ratio
on average output power with respect to excitation frequency for
two types of systems i.e. a system consisting of two beams that the
clearance between them is =500 mm for which the impact does not
happen between the beams, and the other system that the clearance
between beams is 6=15 mm for which the impact happens between
beams where the coupling spring constant fixed at k=10"N/m. It is
seen that the maximum average output power occurs at =0 for each
case. It turns out that neglecting the mechanical damping ratio in the
analysis of the energy harvester systems yields incorrect results.
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Conclusions

In this paper, energy harvesting from large amplitude vibrations of
a system consisting of two coupled impacting unimorph piezoelectric
cantilever beams, for which it is assumed the whole system is
subjected to a harmonic base excitation, was studied by considering
nonlinearities in curvature. The mass and the gravitational potential
of the piezoelectric layers, and cantilever beams were considered for
the sake of completeness. The coupled governing equations of motion
were derived using the Euler-Lagrange equations. The reduced-order
model equations (ROMs) were obtained based on the Galerkin
method. A parametric study on the tip displacements of the beams
was carried out using a sine sweep across a frequency range, while the
external resistance load is varying simultaneously. It was observed that
the maximum amplitude for each of the beams occurs at the excitation
frequency of ®,=3.01Hz which is near to primary resonance
frequency of the thick beam. The effect of the different parameters
such as clearance between beams, coupling spring constant, external
resistance load, piezoelectric layers length, thickness ratio of the beams
and piezoelectric layers, and the mechanical damping ratio were
investigated on the scavenged power. It has been found that energy
harvesting using impact significantly increases the output power.
It was demonstrated that the power generated is highly sensitive to
the clearance and the thickness ratio of the beams and piezoelectric
layers, and is less sensitive to coupling spring constant. The effect of
the clearance between beams was investigated and it was shown that
high clearance between beams reduces the possibility of the impact,
and hence reduces the value of the maximum average output power.
In addition, the effect of the coupling spring constant was investigated
and it has been demonstrated that the scavenged power is less
sensitive to the coupling spring constant. The effect of the resistance
load on scavenged power for three types of systems i.e. a system
consisting of two beams with high clearance between beams in which
the impact does not happen between beams, and a system consisting
of two beams with low clearance in which impact happens between
beams, and a system with a single beam was studied. It was observed
that presence of the impact in the system remarkably increases the
maximum average output power. The effect of the piezoelectric layers
length on output power while the excitation frequency is varying
was investigated and it was shown that the value of the maximum
average output power is equal to, 19 mW, and 37 mW, and occurs
at L, =76mm,and L, =66mm , respectively. Frequency response
curves near the primary resonance were studied for different values
of the clearance between beams and coupling spring constant. The
effect of the clearance and coupling spring constant on the primary
resonance was studied for the first mode. The results indicate that
harvesting the maximum power output significantly depends on
the proper choice of clearance and thickness ratio of the beams and
piezoelectric layers and other parameters. The effect of the damping
ratio on the output power while varying the excitation frequency, for
two different values of the clearance, was studied and it was found
that the presence of the damping ratio reduces the output power. The
results of this study can be used to design novel nonlinear energy
harvesters with large amplitude vibrations.
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